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Stochastic calculus of semi-Dirichlet forms

Lower bounded semi-Dirichlet form

E: locally compact separable metric space.
m: positive Radon measure on E with full support.
D(&): dense subspace of L*(E; m).

&(-,-): bilinear form defined on D(€) x D(E).
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Stochastic calculus of semi-Dirichlet forms

e (lower boundedness) There exists g > 0 such that
Eg(u,u) := E(u,u) + B(u,u) >0, Yu € D(E).

e (weak sector condition) There exists K > 1 such that

£v)] < \/E3(0.0[E5(v.v). Vv € D(E).
e (closedness) D(€) is closed w.r.t. the norm /&,(-,-), & > B.
¢ (Markovian condition)

(OVu)Al € D(E) and E((OVu)Al,u—(0Vu)A1l) >0, Yu € D(E).
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Stochastic calculus of semi-Dirichlet forms

(€,D(E)) is regular if D(E) N C.(E) is uniformly dense in C.(E)
and is £,-dense in D(E) for a > .

Any regular lower bounded semi-Dirichlet form is associated
with a Hunt process.

Use the theory of Markov processes to study

R (g )+ zb () + div b(2))u

ij=I

4PV [ (uly) — ula) k(. )y
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Stochastic calculus of semi-Dirichlet forms

Fukushima’s decomposition for Dirichlet forms

Suppose (€,D(&)) is a regular Dirichlet form on L*(E; m) with
associated Hunt process (X;);>o. Let u € D(£). Then

iW(X,) — i(Xo) = M* + N, t > 0,

M} martingale additive functional of (X;);>o.
N}': continuous additive functional with e(N*) = 0.

For additive functional (A;);>0 of (X;)>0,

1
A) = lim —E,,(A?).
e(A) im >, (A7)
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Stochastic calculus of semi-Dirichlet forms

Fukushima type decomposition for semi-Dirichlet forms
Z.M. Ma, Sun and L.F. Wang (2016)

Suppose (£,D(&)) is a regular semi-Dirichlet form on L*(E; m)
with associated Hunt process (X;),>o.

¢: lifetime of X.

¢;: the totally inaccessible part of ¢.

1(¢) :=[[0, C[[U[[¢]]- 1(C) is a predictable set of interval type.
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Stochastic calculus of semi-Dirichlet forms

Let u € D(€)1,.. Then the following two assertions are
equivalent to each other.

(i) There exist unique M* € M'*) and AF N* locally of zero

loc

quadratic variation such that

u(X;) —u(Xo) = M + N/, t > 0.
py (dx) = / (it(x) — @t(y))*J(dy,dx) is a smooth measure.
E
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Stochastic calculus of semi-Dirichlet forms

Fukushima type decomposition for semi-Dirichlet forms
C.Z. Chen, L. Ma and Sun (2018)

Let u € D(E),.. Define

Fio= 7 (X)) — (X ) jagx)—act_ ) >1}-

0<s<t

Then there exist unique Y* Mf(o

.. and AF Z* locally of zero
quadratic variation such that

uX) —u(Xo) =Y'+7Z'+F!, t >0.
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Stochastic calculus of semi-Dirichlet forms

Extended Nakao integral
Denote A = u(X;) — u(Xo).

Let ® € C*(R") and uy, ..., u, € D(E)j.. Then,

‘I’(u) Z/ Ll dALI,+ Z/ l/ Mll,( ML(_,A,('>X
ij=l1
+ 2.

Ad(u(X, Z@ _))Auy(X;)
0<s<t

on [0,() Py-a.s. for E-g.e. x € E, where

0P 0*® .
@i(x): ?(X), @U(X):M(X), l,]:1,...,n,
1~

Xi

and u = (uy, ..., uy).
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Complement value problem for non-local operators

Classical Dirichlet problem:

Au=0 in D,
u=g on OD.

D: bounded domain of R¢,  9D: boundary of D.

g: real-valued continuous function on oD.
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Complement value problem for non-local operators

Kakutani (1944):

(X,, P,): Brownian motion on R.

7 =1inf{r > 0 : X, ¢ D}: first exit time from D.
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Complement value problem for non-local operators

Dirichlet boundary value problem for second order elliptic
differential operators:

Lu=20 in D,
u=g on OD.

d -
Lu = % Z ai/ <a,,(x)§;ll> + ;bi(x)g; + (c(x) + div b(x)u.
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Complement value problem for non-local operators

Complement value problem for non-local operators:

{Lu:f in D,

u=g on D°.

with
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Complement value problem for non-local operators

Applications in peridynamics, particle systems with long range
interactions, fluid dynamics, image processing, etc.

semigroup approach: Bony, Courrége and Priouret
classical PDE approach: Garroni and Menaldi

viscosity solution approach: Barles, Chasseigne and Imbert;
Arapostathisa, Biswasb and Caffarelli

Hilbert space approach: Hoh and Jocob; Felsinger, Kassmann
and Voigt

Recent results on interior and boundary regularity of solutions.
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Complement value problem for non-local operators

D: bounded Lipschitz domain of R9.

We consider the complement value problem:

(A+a*A°? 4 b-V+c)ut+f=0 inD,
u=g on D°.

Fractional Laplacian operator A®/2:

A*T29(2) = tim A(d, ~a) | P0) =9 4 g e oo (mY).

{l—y|>e} | —ylote
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Complement value problem for non-local operators

L:=A+a"A%? 4 b.V.

Z.Q. Chen and Hu (2015): the martingale problem for
(L, C>(R%)) is well-posed for every initial value x € R

_ plzl? - t
gp(t,z) =1t dﬂexp( . >+t /2 \ prEs t>0,z € R

The Markov process X associated with L has a jointly
continuous transition density function p(¢, x, y):

Ciqc, (t,x—y) < p(t,x,y) < Caqc,(t,x—Y), (t,x,y) € (0, T]xRIxR7.
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Complement value problem for non-local operators

e(t) == elocXds 4> .

Theorem (Sun, 2018a): There exists M > 0 such that if
¢t || < M, then for any f € L*PVD(D; dx) and g € B, (D°),
there exists a unique u € B, (R?) satisfying u|p € H,;>(D) N C(D)
and
(A+a*A? +b-V+cu+f=0 inD,
{ u=g on D°.

Moreover, u has the expression

u(x) = Ey [e(T)g(XT) +/ e(s)f(Xs)ds] , xR
0
In addition, if g is continuous at z € 9D then

llg; u(x) = u(z).
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Complement value problem for non-local operators

H2(D) := {u: up € Hy*(D) for any ¢ € C(D)}.

loc

(A +a®AY? +b-V + c)u+f = 0is understood in the
distribution sense: for any ¢ € C°(D),

/<w Veydx + LA /R/R |x_ ﬁ,(fj = 90D tray

—/D<b,Vu><z§dx—/Dcu¢dx—/L)f¢dx=0.
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Complement value problem for non-local operators

Corollary: If ¢ <0, then for any f € L2V (D; dx) and g € B,(D°)
satisfying g is continuous on 9D, there exists a unique
u € By(R?) such that « is continuous on D, u|p € H,;*(D), and

(A+a*A*? 4+ b-V +c)u+f =0 inD,
u=g onD°.

Moreover, u has the expression

() = B [er)e(x,) + [ elor(xgas)  xem,
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Complement value problem for non-local operators

E(04) = Joo (Vo V) 4 TAG= [ fo, (L= vy

— Joa(b, Vo)ipdx, ¢,9 € D(E),
D(E%) = H'2(RY).

Then, (£° H'2(R?)) is a regular lower-bounded semi-Dirichlet
form on L*(R%; dx).

(X;,P,) & L=A+a"A%?+b.V < (£ H(RY)).
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Complement value problem for non-local operators

() = B |e(r)str) + [ elyxoas] . vem,

U: open set of RY.

[Tl d >3,
G (x,y) < cm(uﬁ), d=2,
C’ d:1

Lemma: There exists C > 0 such that

sup E, [/ v(Xs)ds] < C|||pvi, Vv e L{’FW(D).
xeD 0
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Complement value problem for non-local operators

By Khasminskii’s inequality, there exists C > 0 such that for any
e 1! (D) satisfying ||v| v < C, we have

sup E; [fo X5) ] < 00,
xeD
and
E[ /Tefmxf)dv(xs)ds} < ¢ (B [efr w0 ] ) g [2) 2
0

Then, there exists M > 0 such that if ||c™||,,v1 < M, then for any
f e LXPVD(D;dx) and g € B,(D°), u € By(RY).
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Complement value problem for non-local operators

) = B enex) + [ el
B0+ Ed (6 ey + (o) — D)1 (o

e(M)g(X) L fray + / ") (X,)ds]

u, is continuous in D and each e,(’) converges to 0 uniformly on
any compact subset of D as r — 0. Hence « is continuous in D.
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Complement value problem for non-local operators

uw) = E [e<r>g<x7> - Te<s>f<xs>ds}

— Efg(X)]+E, [w<x,>1{f>t} ; / "+ ew)(x)ds
= £+ w).
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Complement value problem for non-local operators

Suppose that D c B(0,N) for some N € N. Denote 2 = B(0,N).

Lemma: Let~y > 0. For any compact set K of (2, there exist
d > 0and ¥, € (0,00) such that for any x,y € K satisfying
|x —y| <4, we have

O .
|xy‘d2<G( y) < oy ifd >3,
Oiln s < GP(x,y) S daln sy, ifd =2,

Let z € OD. z is a regular point of D and D¢ for the Brownian
motion in R?. Therefore, z is a regular point of D and D¢ for
(X,, Px) by Kanda (1967).

If g is continuous at z € 9D, then lim,_,, £(x) = £(z).
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Complement value problem for non-local operators

Lemma: Let U be an open set of R?. Suppose that ¢ is a
measurable function on R¢ which belongs to the Kato class.
Then, we have

hmsupE [/ lp(xY) \ds] =0.
Oxeu

Lemma: Forany ¢ > 0 and z € 9D, we have

lim (suppD (1, x, y)) = 0.

xeD \YE€D
Therefore,
INT
lim sup |E { w(X) lrsp + / (f + cu)(Xs)ds} = 0.
=0 xeD 0
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Complement value problem for non-local operators

B |e(r)stxn) + [ etrixa

= E.[g(X;)] + Ex {W(Xz)l{'rw} + /Ol T(f+ cu)(X;)ds
= &(x) + w(x).

¢ € H2(D) and £°(¢,6) = 0, Vo € C°(D).
w € Hy*(D) and £%(w, ¢) = (f + cu, ), Yo € C°(D).
= u=¢E+we Hy (D) and E%u, ¢) = £%(E +w, ) = ( + cu, §).
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Complement value problem for non-local operators

There exists 3y > 0 such that

1
[ < [ 1voPart o [ 1oPas, o e (e
R4 R4 R4
Define

EY(d.0) = E%(¢, ) + B, ), ¢,¢ € HA(RY).

Then, (€3, H'*(R?)) is a regular semi-Dirichlet form on
L?*(R%; dx) for any B > S.

Let {D,}.en be a sequence of relatively compact open subsets
of D such that D, C D,4+; and D = U2, D, and {x, }.en be a
sequence of functions in C°(D) such that 0 < x,, < 1 and
Xn’Dn =1.
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Complement value problem for non-local operators

EXI’H
-y / S)Exle” M€ Xinm, )(1 = Xa(Xinry,, )l

t—0 t

— Im: / SE 1y, iy 00Xy )1 — xu(Kinry, )

t—0 t

D,
=0 1 [ / / ( = xa(¥)) /D R dz) dyds] dx
D,
= pon(s,x,2)
-t l/:AmL( monz;kﬂﬁaﬁ>@m]w

Dy,

16l € locd @) D] 1 D).

A
5

<
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Complement value problem for non-local operators

E%(Exn, @)
- /< (EXn), v¢>dx—/ (b, V(&xn)) ddx
O“A ,—a / ((Exn) (x) = (xa) ) (D (x) — 9(v))
R4 JRA

e i

dxdy

= E%600) — [ (u)ods—2 /R (VE, Vx)da
A —a) / [ / (E0) ~ £ u) ~ xu0) dy} s

ol
€000 =00
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Complement value problem for non-local operators

We will show that there exists M > 0 such that if ||c™ || ,vi < M,
then v = 0 is the unique function in B, (RY) satisfying
vlp € H2(D) N C(D) and

{ E0v,¢) = (cv,¢), Vo € C2(D),

vy =0 on D°.
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Complement value problem for non-local operators

EY(vXn, 0)
_ / (V(vx), Vo — / (b, V (vya))édx + (B, vxn®)
QA d — (vxn)( (vxn) () (0(x) — d(y))
/Rd /Rd dxdy

e yfeee

= &0, xu0) — /Rd(an)vqbdx - /Rd<Vv,Vxn>¢dx+ (B,vXn®)
{ /R d () = v(x) (X (y) = xa(x)) dy} o(x)dx

|x — yldte

—a“A(d, —«) /Rd
= ((c+ B)vxu — (Lxn)v — 2(Vv, Vxn)
o) | GO0 D )

| . _y|d+o¢
= (0, 9).
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Complement value problem for non-local operators

For n > m, define
N, (X) = Ef[("xn)(xmm ), x€ R7.

We have nm,n(x) = Ef [nm,n(Xt/\TDm)]at >0, x € Dy,
Nmn(x) = vXa(x) for g.e.-x € D, and

EY(VXns ®) = EYVXn — N ), Vo € Hy* (D).
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Complement value problem for non-local operators

For dx-a.e. x € D,,,

INTD,,
(X)) = E2[(vXn—Thn) Koo, )+ E? [ / on<xs>ds] V0.

For dx-a.e. x € D,

v0) = BB o] + B2 | [ (4 amRoas] . vz
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Complement value problem for non-local operators

Define o
T = v(X) oy + /O ((c + B)v) (X,)ds.

Then, (Z;),>0 is @ martingale under Pf for dx-a.e. x € D.

By integration by parts formula for semi-martingales, we can
show that

v(x) = Exle(t)v(Xi)1{;>n], dx—ae.x€D.
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Complement value problem for non-local operators

D: bounded Lipschitz domain of R?.

We consider the complement value problem:

(A+a*A*? +b .V +c+divb)u+f =0 inD,
u=g on D°.

b= (b,...,by)* satistying |b| € L2?VV)(D;dx), ¢ + divb < h for
some / € L/ (D; dx) in the distribution sense.
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Complement value problem for non-local operators

Let ¢ € H'2(R?). By Ma, Sun and Wang (2016), ¢ admits a
unique Fukushima type decomposition

O(X,) — 6(Xo) = M + N, 1>0,

where (M,‘z’)tzo is a locally square integrable martingale additive
functional and (N?),zo is a continuous additive functional locally
of zero quadratic variation.

Wei Sun Concordia University

Semi-Dirichlet forms and complement value problem



Complement value problem for non-local operators

By the Lax-Milgram theorem, for any vector field n € L?(R?; dx),
there exists a unique 7 € H"?(R?) such that

/ (1, V) = £ §), Vo € H'A(R),
R

where v = By + 1.

For ¢ € C>*(R9), we have

3 t
/ dive(X,)ds = N — / ot (X,)ds, t> 0.
JO JO
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Complement value problem for non-local operators

t pH ts
e(t) — efO c(X;)ds+N? —'yfo bH(XS)ds’ £>0.

Theorem (Sun, 2018b): There exists M > 0 such that if
\|h|| v < M, then for any f € L*®V1)(D; dx) and g € B, (D),
there exists a unique u € B,(RRY) satisfying u|p € H.>(D) N C(D)
and
(A+a*A? +b -V +c+divb)u+f=0 inD,
{ u=g on D°.

Moreover, u has the expression

u(x) = E, [e(T)g(XT) + / e(s)f(XS)ds} for q.e. x € D.
0
In addition, if g is continuous at z € 9D then

)1(1_}11% u(x) = u(z).
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Complement value problem for non-local operators

Corollary: If ¢ 4 divb < 0, then for any f € L*®?V1)(D; dx) and
g € By(D°) satisfying g is continuous on 9D, there exists a
unique u € B,(RY) such that u is continuous on D,

ulp € H-*(D), and

loc

(A+a*A*? 4 b-V +c+divb)u+f=0 inD,
u=g on D°.

Moreover, u has the expression

u(x) = E, [e(f)g(xT) + /0 ' e(s)f(Xs)ds} for q.e. x € D.

Wei Sun Concordia University

Semi-Dirichlet forms and complement value problem



Complement value problem for non-local operators

Define !

1 e 1P
Jx) = — =BT e R

Jiierye PPy

For k € N and x € R?, set J;(x) = k“J(kx) and

l;k:B*Jk, ck:c*.]k, /”lk:/’l*.]k.
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Complement value problem for non-local operators

Define A
ek(t) = ef()t(ck"!‘div})k)(x.v)ds >0

) -

The unique bounded continuous weak solution to the
complement value problem

(A+a*A? 4+ bV + ¢, + divh)uy, +f =0 in D
up, =g on D

is given by
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Complement value problem for non-local operators

Lemma: Suppose that u € B,(RR¢) satisfying u|p € H,;*(D) and
(A4 a*A%? 4 b -V + ¢ +divb)u +f = 0in D. Then, up has a
locally Holder continuous version.

Weak Harnack inequality:
L:=A+a*A%? +b-V +c+ divb.

There exist positive constants ¢, ¢, and gy such that for any
xo € RY, R € (0,1), v e HY?(Bg(xo)) satisfying v > 0 in Bg(xo)
and (—Lv, ¢) > 0 for any nonnegative ¢ € C2°(Bg(xo)), we have

1/eo
inf v > ¢ \BR/Z(xO)rl / vedx
Brya(x0) B2 (x0)

—02R2 sup / %dz.
X€Bg/2(x0) JRI\Br(x0) x — 2]
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Complement value problem for non-local operators

Lemma: Let C, R be two positive constants and p be a function
on R¥ with supp[u] C Br(0).

(i) Suppose d > 2. Then, there exist positive constants C, C,
which are independent of p such that forany > 0 and x € D,

_ Cx—y _ N
//RI 42 exp(~ l) 2N Ty In ) dyds
<R[ Py
yeR

and
t CV*YP s
,(d+1)/2 a4 7(d+1)/2 s
/0 /GR(/(S exp( . )+ s A |x_y|d+1+a)‘“(Y)|dde

< Gy 4 ) / () PPy /).
yER
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Complement value problem for non-local operators

(if) Suppose d = 1. Then, forany > 0 and x € D,
[ et g i

< 4 / (),

and there exists a positive constant Cs which is independent of
w such that for any r > 0 and x € D,

/ IGES 'S‘y'>+s—w|x_;|2+a>|u<y>|dyds
< @) P

— 00
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Complement value problem for non-local operators

Uniqueness of solution

We will show that v = 0 is the unique function in B, (R9)
satisfying v|p € H,;>(D) N C(D) and

(A +a*A%? bV 4 ¢ +divh)y =0 in D,
v=0 onD".
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Complement value problem for non-local operators

EY(vxns &) = (B, &) — / (b, V (vxu) .

R4

For dx-a.e. x € E;N D,

V1) = EP(Xinng)] + EF [ / T e+ B (x)ds
JO

IATE;ND .
+E] [ / V(X )ANSP } . V> 0.
Jo
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